A proof that geometrically compressible one-sided splittings of non-Haken 3-manifolds are stabilised is given. This is a generalisation of a recent proof for the case of RP 3 and uses a modification of these techniques. Combined with known results about geometrically incompressible surfaces, the main result fully classifies one-sided splittings of small Seifert fibred spaces and the (6, 1) Dehn filling of Figure 8 knot space. Drawing on minimal surface theory, it can also be used to show that non-Haken hyperbolic 3-manifolds have finitely many isotopy classes of one-sided splittings of bounded genus.
Introduction
Geometric incompressibility of one-sided Heegaard splitting surfaces provides an analogue to the well understood property of strong irreducibility for twosided splittings. As such, it is natural to ask if key results relating to strong irreducibility translate to geometrically incompressible one-sided splittings. Given both the direct and historical consequences of Casson and Gordon's initial work on strongly irreducible two-sided splittings [3] , this is an important result to emulate.
We ask whether geometric compressibility of one-sided splittings of non-Haken 3-manifolds can correspond to anything other than trivial handles. If not, it would imply that given any geometrically compressible splitting, either the surface is stabilised or the manifold is Haken. Here, we show that this result indeed holds, thus proving the one-sided analogue of Casson and Gordon's result.
Notably, unlike the case of S 3 and RP 3 [2] , the methods used in the original two-sided proof do not transfer to the one-sided case: the standard method of pushing across a splitting surface is no longer viable when this surface is onesided. However, the relative simplicity of having only a single handlebody in the splitting allows further modification of Waldhausen's method to tackle this generalised problem. This method, however, does not translate to the two-sided case due to complexities arising from the interaction between two compression bodies. Thus, this approach does not appear to constitute the basis for an alternative proof that two-sided splittings of a (surface × I) are standard.
One-sided Heegaard splittings of non-Haken 3-manifolds
Throughout, let M be a closed, orientable 3-manifold and consider all manifolds and maps as PL.
Unlike in the RP 3 case, there does not appear to be a way to apply Waldhausen's argument directly to an arbitrary splitting of a non-Haken 3-manifold. It is for the same reason that the S 3 techniques cannot generalise in the two-sided case: once a number of stabilising discs are introduced, it becomes very difficult to control the interaction with the existing, non-stabilising discs. However, the fact that any geometrically compressible splitting of a non-Haken 3-manifold geometrically compresses to a geometrically incompressible splitting [8] provides the key to simplifying the situation.
Preliminary Definitions
When considering a one-sided Heegaard splitting, it is useful to adopt the twosided splitting concepts of meridian discs and handlebody components. Differences in the two techniques, however, require that distinctions be made. As such, consider the handlebody complement of a one-sided splitting (M, K) to be the open handlebody H = M \ K and meridian discs to be closure on K of meridian discs in H.
Definition 2.1 A one-sided splitting (M, K) is geometrically incompressible if any simple, closed, non-contractible loop on K does not bound an embedded disc in M . Call K geometrically compressible if it is not geometrically incompressible.
Definition 2.2 Say that (M, K) geometrically compresses to (M, K 0 ) if there exists a sequence of surfaces K n = K, K n−1 , . . . , K 1 , K 0 , where each K i is ob-tained by compressing K i+1 along a single, embedded disc that meets K i+1 only in its boundary curve.
Definition 2.3 If d i , d j are meridian discs for a one-sided splitting and Notice that any stabilised one-sided splitting is inherently geometrically compressible.
One-sided splittings of non-Haken 3-manifolds
Given a stabilised one-sided splitting is necessarily geometrically compressible, it is natural to ask when this is a sufficient condition for stabilisation. This has been proved in the case of RP 3 [2] and the general case can be considered analogous to the result of Casson-Gordon for two-sided splittings [3] . While the arguments in the latter do not readily translate to the case at hand, the arguments of Waldhausen that are adapted for RP 3 do extend to this more general case.
The idea of the proof is to restrict attention from a closed manifold to a twisted I-bundle over a geometrically incompressible surface. Thus, the problem becomes understanding splittings of twisted I-bundles, which can be tackled using the RP 3 techniques.
In order to use this approach, it is first necessary to establish that given two related splittings, they are contained within the same twisted I-bundle. To see this, consider spines of the compression body complements to the splitting surfaces:
is a geometrically compressible one-sided Heegaard splitting that geometrically compresses to (M, K 0 ), then a spine of M \ K 0 is a subspine of M \ K. 
The spine of the handlebody component of (H ′ ,K ′ ) is a subspine of that of (H ′ ,K), by rearranging the trivial handles. By construction, the handlebody component of (H ′ ,K ′ ) shares a spine withH ′ , similarly, the handlebody component of (H ′ ,K) shares a spine withH. Therefore, the spine ofH ′ is a subspine ofH.
Projecting, a spine of H ′ is a subspine of H. Since a spine of
Since a splitting surface is disjoint from the spine of its compression body complement, it is also disjoint from any subspine. Therefore, any geometrically compressible splitting surface K is disjoint from the spine Γ of the complement of the geometrically incompressible splitting K 0 to which it compresses. Deleting Γ results in the twisted I-bundle N over K 0 , and since K ∩ Γ = ∅, the geometrically compressible surface K is also contained within this I-bundle. The complement of K in the I-bundle is a compression body, since Γ is a subspine of a spine of M \ K. Therefore, K is a one-sided splitting of N , which again compresses to K 0 .
Thus, the problem has been reduced to considering related splittings of a twisted I-bundle, since if K is stabilised within the I-bundle, it is indeed stabilised in the manifold.
Lemma 2.6 Every geometrically compressible one-sided Heegaard splitting of a twisted I-bundle is stabilised.
It is the proof of Lemma 2.6 that requires the use and modification of Waldhausen's techniques. As such, the details are deferred to Section 2.3.
Combining the lemmata, the main result is an immediate consequence:
Theorem 2.7 Every geometrically compressible one-sided Heegaard splitting of a non-Haken 3-manifold is stabilised.
Proof Take a geometrically compressible one-sided Heegaard splitting (M, K) of a non-Haken 3-manifold M and let (M, K 0 ) be the geometrically incompressible splitting obtained by geometrically compressing K. By Lemma 2.5, let Γ be a spine of M \ K 0 such that Γ is a subspine of M \ K. Delete Γ to obtain a twisted I-bundle N over K 0 . Since Γ is a subspine of M \ K, the geometrically compressible surface K is disjoint from Γ and is hence contained in N as a one-sided splitting surface. Since K geometrically compresses to K 0 in N , by Lemma 2.6 K is stabilised.
One-sided splittings of twisted I -bundles
In order to prove that one-sided splittings of twisted I-bundles are standard, a further extension of Waldhausen's S 3 arguments [10] can be used. However, given the complementary region of the lower genus splitting surface is now a compression body, rather than a ball, significant modification is required.
The use of annuli provides a useful reference point for the original surface, however, their inclusion requires significant care in order for the later stabilisation arguments to be productive. After appropriate manipulation of the annuli, the argument is effectively the same as that for RP 3 . As such, the reader is referred to [2] for full details, which have been omitted here in favour of a more intuitive exposition.
In order to start the argument, a preliminary lemma is required:
Lemma 2.8 Any two geometrically incompressible non-orientable surfaces in a twisted I-bundle are isotopic.
Proof Consider a twisted I-bundle N , which is a closed, regular neighbourhood of a one-sided surface K 0 . By default, K 0 is geometrically incompressible in N . Let K be another geometrically incompressible one-sided surface embedded in N . Since N retracts to K 0 ,
As N has only one non-zero Z 2 -homology class, this class also represents K.
, so the complements K \ K 0 and K 0 \ K consist entirely of two-sided components.
Consider the orientable double coverÑ , where p:Ñ → N is the covering projection and g:Ñ →Ñ the covering translation. The twisted I-bundle lifts to a trivial compression bodyÑ , with standard two-sided Heegaard splitting by the liftK 0 . Let H 1 , H 2 be the compression body components of (Ñ ,K 0 ) and K be the lift of K.
are connected, incompressible punctured surfaces in H 1 , H 2 respectively. By Waldhausen [11] , there is a product region P ⊂ H 1 betweenS andK 0 , also
Consider the behaviour of P under the covering translation. Since K 0 \ K is two-sided, no part ofK 0 \K is mapped to itself by the covering translation. Therefore, the only part of P that is not distinct from its translate corresponds to the loops inK ∩K 0 that are lifts of non-orientable loops in K ∩ K 0 .
Flatten S and g(S) ontoK 0 by pushing equivariantly across P and g(P ) respectively, keeping the curves onK 0 fixed. Since P and g(P ) are disjoint, S and g(S) are flattened onto distinct parts ofK 0 . Thus, S and g(S) remain disjoint, except along the original intersection curves, which are unchanged. Therefore, no intersections are introduced between any part of S and its translate, so the isotopy projects to (N, K 0 ) without introducing singularities, so K is isotopic to K 0 .
Claim In the case when K \ K 0 is not connected, the number of components can be reduced to one.
Lift to the orientable double cover and letS = S 0 , S 1 , . . . , S k be the connected components in H 1 . Again, each S i bounds a product region P i ⊂ H 1 with part ofK 0 by Waldhausen [11] . Assign indices such that S i ∩ P j = ∅ for i < j to obtain a partial ordering. Thus, S 0 is innermost when considering nesting with respect toK 0 .
Since K \ K 0 has multiple components, the boundary of each must contain at least one curve that separates if from another component -call this a component separating curve. In the double cover, this corresponds to every ∂S i containing at least one curve that is not in ∂g(S i ).
Once again, use the product regions to push components ofS ontoK 0 . However, in this case, while keeping the boundary curves fixed, continue to push the interiors of S 0 , g(S 0 ) slightly into the opposite compression body.
Consider the lift of a component separating curve σ ⊂ ∂S 0 during this process. Locally, the isotopy only affects a half-neighbourhood of σ inK, as only one component is moved at a time. As the neighbourhood originally crosses between compression bodies, the move results in both halves in the same compression body. As such, σ becomes a trivial intersection that can be removed by pushing slightly into H 2 , in effect joining the two components that were originally separated by σ. Note that other curves of intersection remain unaffected by this process; both sides of such loops are being moved simultaneously, effectively pivotingK along the curve. For an illustration of the effect the move has on both types of curve, see Figure 1 .
Figure 1: A move ofS acrossK that removes the component separating curve σ 2 , while pivoting around the component non-separating curve σ 1 .
As for a single component, this process is performed equivariantly and introduces no intersections, since the regions ofK 0 that are pushed across are disjoint from their translates. Thus, the process projects to (N, K 0 ). Using this method to remove all component separating curves in K ∩ K 0 , the number of components in K \ K 0 can be reduced to one.
Having thus proved the claim, the previous argument can be used to show that K and K 0 are isotopic.
Consider this lemma in the context of all one-sided surfaces embedded in a twisted I-bundle. By Rubinstein [8] , every geometrically compressible surface in a twisted I-bundle geometrically compresses to a geometrically incompressible surface, as any two-sided incompressible surface would correspond to a Z-homology class. Thus, Lemma 2.8 shows that any such geometrically incompressible surface is indeed that onto which the bundle retracts. Hence, we can return to the proof of Lemma 2.6. Recall:
Lemma 2.5 Every geometrically compressible one-sided Heegaard splitting of a twisted I-bundle is stabilised.
Proof Take a geometrically compressible one-sided Heegaard splitting (N, K) of a twisted I-bundle N . Then by Lemma 2.8, K geometrically compresses to K 0 , where N is a twisted I-bundle over K 0 .
Consider the (surface × I) complement H = N \ K 0 . Let A be a complete collection of half-annuli over orientable simple closed curves on K 0 , where A\K 0 cuts H into a number of balls. Note that annuli in A may intersect one another in isolated points on K 0 .
Since (N, K), (N, K 0 ) are related by a series of geometric compressions, they are represented by the same Z 2 -homology class and are hence stably equivalent [8] . Stabilise each splitting surface a finite number of times until the two are equivalent. Represent this splitting by (N, K ′ ) and let H ′ = N \ K ′ be the compression body complement.
Let ∆ K be a set of meridian discs introduced by stabilisations of (M, K), Then
Note that this number is always even, as each stabilisation increases the genus of the handlebody by 2.
Let ∆ 0 , ∆ ′ 0 be sets of disjoint embedded discs introduced by the stabilisations of (N,
Let ∆ 1 be the embedded meridian discs introduced by stabilising (N, K) to (N, K ′ ). Separate ∆ 1 into sets of disjoint discs ∆ 1 , ∆ ′ 1 , where discs in ∆ 1 have duals in ∆ ′ 1 . Consider the arcs Λ of non-isolated intersection between ∆ 1 and ∆ 0 . Notice that any arc in Λ that lies on an annulus is separating, since both splitting surfaces are disjoint from ∂N , which is the inner boundary of H ′ . Additionally, since annuli A 1 , A 2 ∈ A may have an arc α of non-isolated intersection, a disc in ∆ 1 that intersects both A 1 and A 2 , in arcs λ 1 , λ 2 respectively, may also intersect α (see Figure 3 ). As such, arcs in Λ are not necessarily disjoint, however, any intersection of arcs is associated with annuli and is limited to a single point. In this event, let the restriction of α to the disc components of A i \ λ i be included in Λ for both i = 1 and 2. Notice that, in contrast, the arcs of intersection between annuli are not included in Λ. In order to remove intersection points between D and A \ D, perform a series of slides along ∂A. In the case where D has non-isolated intersection with up to one annulus, all isolated points can be slid off by pushing neighbourhoods of the isolated points along ∂A in a series of 'finger moves'. It is important that these moves do not introduce any additional non-isolated intersections. This would arise by sliding one isolated intersection point past another; effectively pushing part of an annulus through a disc. Therefore, while the aim is to remove points of intersection with annuli, discs in ∆ 1 may also have to be moved to avoid creating such non-isolated intersections. This can be achieved by sliding all isolated intersections of D, working from the outermost points inwards.
Since D may have an arc of intersection with more than one other annulus, isolated intersection points on ∂A may occur between such arcs. In this case, simply sliding isolated points along ∂A would introduce additional intersections with these annuli. Therefore, it is necessary to first move the annuli off D. This is achieved by pushing the arc of intersection off D, effectively deforming a neighbourhood of this arc in the annulus so that it runs parallel to part of D, consequently intersecting the annulus component A \ D. Order such slides so that additional non-isolated intersections between annuli are avoided. Once D only intersects a single annulus, slides of isolated points can be chosen not to cross it and the above procedure holds. Figure 4) to get (N, K ′′ ). If arcs λ 1 , λ 2 ∈ Λ intersect, stabilise along one arc, say λ 1 , first, then along the remaining sections of λ 2 , treating each as a separate stabilisation. Assign any intact discs from ∆ i to∆ i and the discs introduced by the stabilisation process to the new systems according to the following rules:
is split along an arc λ, both resulting pieces are in∆ i (or∆ ′ i ). The disc introduced as a transverse cross-section of a closed regular neighbourhood of λ is in∆ ′ i (or∆ i ). Introduce a parallel copy of such a disc and assign it to the system of the other disc containing λ in order to retain dual pairs; (2) If an annulus in A is split along an arc λ, the resulting annulus is in A and the disc that is split off is in∆ 0 . Notice that this disc is disjoint fromĀ. The disc introduced as a transverse cross-section of λ is in∆ ′ 0 . 
Label the new disc systems with subscripts that represent a partial ordering given by how the original discs are split by Λ. For example, consider the set of discs D ⊂∆ 1 that constituted the same disc d ∈ ∆ 1 . Let D ′ ⊂∆ ′ 1 be the associated duals. Assign the lowest label in D, say i, such thatd i is the disc that contains d ∩ d ′ . Letd ′ i be the piece of d ′ that contains d ∩ d ′ and is thus dual tod i . To label subsequent discs, work outwards fromd i . If λ is an arc that forms part of ∂d i , then the disc introduced by stabilising along it is dual to bothd i and somed j ∈ D. Order such that i < j and label the dual discd ′ j . Apply this ordering to all discs that share duals withd i , using any given label only once.
Repeat this process for any disc(s) that share duals with those thus labelled. Continue labelling in the same manner, in effect progressing higher up the order whilst moving away from d ∩ d ′ . Note that there is a rooted tree dual to the subdisc system for d, where the point of d ∩ d ′ is the root, which induces the ordering. Apply the same partial ordering to discs in∆ ′ 1 , ensuring that no labels already used in∆ 1 are used again, while heeding the fact that, for all discs coming from the same disc in ∆ ′ 1 , the lowest will have its label dictated by its dual.
Use the same partial ordering process to label discs in∆ 0 ,∆ ′ 0 . If a discD ∈∆ 0 was split off an annulus by stabilising along an arc λ, then label the disc that is a transverse cross-section of a closed neighbourhood of λ asD ′ . In the event that multiple discs are split off the same annulus, use the same partial ordering process as applied to the discs in order to obtain a labelling. 
Consider the intersections between discsd
i is a single isolated point and ∂d i ∩ {∂d ′ j | j = 1, 2, . . . , (i − 1)} = ∅. For i ≤ j, points of ∂d i ∩ ∂d ′ j are isolated. Having obtained and labelled the disc systems∆ 0 ,∆ ′ 0 ,∆ 1 ,∆ ′ 1 , the roles in the ensuing argument are analogous to those of the disc systems used in the RP 3 case. As such, a less technical approach is taken here, with an emphasis on the peculiarities of this case. For full details of the general arguments, please refer to Bartolini-Rubinstein [2] . In order to remove intersections between discs in∆ 1 and D, there are two issues to be dealt with: multiple intersections with the same disc; and, intersections with multiple discs. It is in the second of these that the particular subtleties of this case become apparent.
Consider a disc d ∈∆ 1 that intersects D in multiple points. By focusing on pairs of points that are adjacent on ∂d, it is possible to replace d, in a series of substitutions, with a disc that intersects D at most once. The fact that such a process is possible hinges on the fact that∆ 0 is complete and has no non-isolated intersections with∆ 1 :
Take a pair of points in d ∩ D that are adjacent on ∂d and let α ⊂ ∂D be the arc between them. Let β ⊂ ∂d be the arc that shares endpoints with α and intersects d ′ . If γ is the loop formed by α, β, then γ bounds a disc in H ′ by the following argument:
Consider the orientable double cover (Ñ ,K ′′ ) corresponding to (N, K ′′ ), where p:Ñ → M is the covering projection, g:Ñ →Ñ the covering translation and H 1 , H 2 the handlebody components. Letα be in the boundary of the lift of D in H 1 andβ be in the boundary of the lift of d in H 2 . Since points in α ∩ β are isolated, they cannot lift to intersections of discs in the same handlebody. Therefore,γ =α ∪β is a loop formed by the boundaries of discs in opposite handlebodies, as is its translate g(γ).
Given d and∆ 0 do not have any non-isolated intersections, the corresponding lifts do not intersect in the same handlebody. Therefore,β is disjoint from p −1 (∆ 0 ) ∩ H 2 . In addition, as α was chosen to not intersect D ′ , it is disjoint from∆ 0 \ D. Thus,α is also disjoint from p −1 (∆ 0 ) ∩ H 2 . Therefore,γ is a loop onK ′′ that is disjoint from p −1 (∆ 0 ) ∩ H 2 , which is a complete system of discs and annuli for H 2 . Henceγ bounds a disc in H 2 . Applying corresponding arguments to translates, g(γ) bounds a disc in H 1 . Projecting to the one-sided splitting, γ bounds a disc in H ′ that is dual to d by choice of β. Take an arc α 1 ⊂ D between points of intersection with d α . This is necessarily interrupted by an isolated intersection with another disc d K ∈∆ 1 . Locally, α partially bounds d α on the opposite side to which it bounds D, so this point corresponds to a non-isolated intersection between d α and d K . However, since d K does not intersect d, hence neither β, the arc of intersection between d α , d K must have both endpoints on α 1 . Therefore, any discs in∆ 1 that intersect α 1 do so in a series of nested pairs of points. By applying the previous process, from the innermost points outwards, all pairs of intersection points with any one disc can be removed. Therefore, any disc in∆ 1 can be made to intersect D in at most one point. If D becomes disjoint from∆ 1 , then Case (b) above holds.
Consider the points of intersection with∆ 1 on ∂D. Call discs with intersection points adjacent on ∂D adjacent. Via a process of band-summing such discs, the number of intersections can be reduced:
Given any non-dual adjacent pair of discs, one disc has a lower index than the other, where d i and d ′ i are considered to have the same index. Take a parallel copy of the higher index disc and attach it to the lower index disc by the boundary of a closed half-neighbourhood of the arc of ∂D between them. This removes the intersection between D and the lower index disc. For this procedure to work, it is vital that D does not intersect any annuli, as summing annuli together significantly complicates matters. However, measures are taken in the initial stages of the argument to avoid such a situation.
Note that while the band-summing process removes intersections between D and∆ 1 , it does introduce intersections within∆ 1 . This is because a disc will inherit the intersections of a disc that is joined to it. Here, the ordering ensures that the original properties of the disc system remain unchanged: any disc in∆ 1 intersects only discs of at least its own index, a property that is not changed by summing a disc to one of lower index. Notice that failing to observe the ordering would not only introduce intersections with lower discs, but could potentially introduce singularities to the disc system.
Apply the band-summing process to all discs intersecting D, which results in only the highest labelled disc(s)d,d ′ remaining. Having thus founds discs that prove the claim, it is possible to destabilise the splitting surface in a constructive manner:
Since D is disjoint from∆ 1 \ {d,d ′ }, the compression does not affect this disc system. Therefore, the systems of remaining discs retain their properties and the process can be iterated. Unless terminated by the occurrence of Cases (a) or (b) described previously, this procedure results in the original splitting (N, K).
Since (N, K 0 ) has minimal genus, the∆ 0 system has more pairs of discs than ∆ 1 . Therefore, after destabilising (N, K ′′ ) to get (N, K) by the above process, there are dual pairs remaining in∆ 0 . Therefore, (N, K) is stabilised.
Classifying one-sided Heegaard splittings of certain 3-manifolds
In light of the main result, wherever all geometrically incompressible one-sided splittings of a non-Haken 3-manifold are understood, this can be extended to a classification of all one-sided splittings of the manifold. Two examples considered here are small Seifert fibred spaces and the (6, 1) filling of the Figure 8 knot space.
Small Seifert fibred spaces
When considering one-sided surfaces in Seifert fibred spaces, the usual concepts of horizontal or vertical two-sided surfaces can be extended: In an analogue to the two-sided case, all geometrically incompressible onesided surfaces in Seifert fibred spaces are classified as either one or the other. While the orientable base surface case was shown by Frohman [5] , it was later generalised to include the non-orientable base surface case by Rannard [7] :
Theorem 3.3 Any closed geometrically incompressible one-sided surface in a Seifert fibred space is isotopic to either a pseudo-horizontal or pseudo-vertical surface.
Combining this result with Theorem 2.7 gives the following immediate corollary:
Corollary 3.4 Any one-sided Heegaard splitting of a small Seifert fibred space is by a pseudo-horizontal or pseudo-vertical surface, or a stabilisation thereof.
The (6, 1) filling of Figure 8 knot space
Consider the (6, 1) Dehn filling of the Figure 8 knot space, which is a hyperbolic, non-Haken 3-manifold. It is possible to show that this contains a single geometrically incompressible one-sided splitting surface, which combines with the main result to fully classify one-sided splittings of this filling. This contrasts significantly with the two-sided case; no classification exists for the two-sided splittings of any hyperbolic 3-manifold. It is envisaged that in future work, the ideas used in this particular example will be generalised to other even fillings of the Figure 8 knot space and further to the wider class of all once-punctured torus bundles. Since the filling glues a meridian disc for M 1 along the (6, 1) K curve, choose meridian and longitude m ′ , l ′ for the torus such that m ′ = 6m + l and l ′ = m. Note the interchanged order of the meridian and longitude in the two systems. This corresponds to the difference in conventions for labelling knot space and torus co-ordinates, which is dictated by the curve that generates homology in each case.
For a one-sided splitting surface to be geometrically incompressible, it must be able to be isotoped to be incompressible and boundary incompressible in M 0 . By Culler-Jaco-Rubinstein [4] , there are three such surfaces in M 0 : the Seifert surface P 1 for the knot, and the two Klein bottle spanning surfaces P 2 , P 3 with boundary curves (4, 1) K , (4, −1) K respectively. Notice that P 1 is a punctured torus with boundary (0, 1) K .
Note that while it is possible to have non-intersecting copies of P 1 in M 0 , disconnected surfaces in M 0 are disregarded here. By Rubinstein [8] , there are no geometrically incompressible one-sided surfaces with multiple boundary components in a solid torus. Therefore, the only possible connecting surfaces in M 1 are annuli, as a cyclic fundamental group is required. However, a nonorientable surface cannot arise by joining distinct orientable components.
Having thus ascertained the three possible knot space components of any geometrically incompressible one-sided splitting, consider the potential closures in M 1 . By Rubinstein [8] , a geometrically incompressible surface in a solid torus is completely determined by its boundary slope. Changing co-ordinates, the three possible boundary curves are:
The simplest surface is a Möbius band, B 1 , bounded by (−2, 1) T , while B 3 , B 5 , bounded by (−6, 1) T , (10, −1) T respectively, have non-orientable genera 3 and 5. Notice that both higher genus surfaces consist of a meridian disc with a number of parallel bands attached; there is no nesting of bands in either case.
Take the unions of the geometrically incompressible components:
Consider whether the splitting surfaces thus obtained are geometrically incompressible in M .
Given M is non-Haken, any splitting surface compresses to a geometrically incompressible one. Since K 1 is the minimal genus one-sided splitting surface in M , it is inherently geometrically incompressible, as any compressions would imply a lower genus splitting.
Claim Both K 2 and K 3 geometrically compress to K 1 .
Consider K 2 . Take two of the three parallel Möbius bands in K 2 ∩ M 1 and push them across S. Call the resulting surfaceK 2 . Given a single Möbius band remains in M 1 , the intersection curveK 2 ∩ S is (−2, 1)
Subclaim 1P 1 has a compressing disc in M 0 .
Let α, β ⊂P 1 be arcs running along the Möbius bands originally from B 3 , with endpoints {a 1 , a 2 }, {b 1 , b 2 } ∈ ∂P 1 respectively. Let λ be an arc that runs once longitudinally aroundP 1 , with endpoints {a 1 , b 2 }. Let γ be an arc that runs once meridionally aroundP 1 , with endpoints {b 1 , a 2 }. See Figure 6 .
The disc D 1 ⊂ M 0 bounded by α, β, γ, λ is a compressing disc forP 1 . Compressing along D 1 results in a once-punctured Klein bottle in M 0 , with boundary slope (4, 1) K . By Culler-Jaco-Rubinstein [4] , such a surface is unique up to isotopy, so the resulting surface is isotopic to P 2 . Therefore, K 2 geometrically compresses to K 1 .
Consider K 3 . Given Figure 8 knot space is a fibre bundle over its Seifert surface, the punctured torus P 1 , consider P 3 in relation to this fibre structure. Initially, ∂P 3 = (4, −1) K and the boundary curves ∂P 1 , ∂P 3 intersect in four points x 1 , x 2 , x 3 , x 4 , which divide ∂P 1 into four segments: c 1 , c 2 , c 3 , c 4 .
By Culler-Jaco-Rubinstein [4] , P 3 meets P 1 in σ 1 , σ 2 , which are disjoint parallel arcs that each run once longitudinally around P 1 . These arcs have endpoints {x 1 , x 4 }, {x 2 , x 3 } respectively, which bound disjoint segments of ∂P 1 -say c 1 , c 3 . See Figure 7 .
Push two of the five parallel Möbius bands from B 5 into M 0 , such that they form the boundaries of closed ε-half-neighbourhoods of c 2 , c 4 in M 0 . The resulting surface,P 3 , has boundary (6, −1) T = (0, −1) K on S. boundary with, yet is disjoint from, the orbit surface, it compresses to a surface isotopic to P 1 .
Applying the previous argument, the surface can be further manipulated so that it compresses to P 2 . Therefore, K 3 geometrically compresses to K 1 .
Combining Theorems 2.7 and 3.5 gives the following:
Corollary 3.6 The (6, 1) Dehn filling of the Figure 8 knot space has a unique one-sided Heegaard splitting up to stabilisation and isotopy.
One-sided splittings of non-Haken hyperbolic 3-manifolds
When attention is restricted to non-Haken hyperbolic 3-manifolds, the number of non-isotopic geometrically incompressible one-sided surfaces of bounded genus can be shown to be finite. This uses some well-known facts about minimal surfaces in such manifolds. Combining with the main result, this shows that there are only finitely many isotopy classes of one-sided splittings of bounded genus for a non-Haken hyperbolic 3-manifold up to stabilisation.
Theorem 4.1 If M is hyperbolic and non-Haken, then it has finitely many one-sided geometrically incompressible surfaces of bounded genus up to isotopy.
Proof Consider all geometrically incompressible one-sided surfaces of bounded genus in a hyperbolic manifold M . Isotope each so that it is least area in its isotopy class [6] . Using the Gauss equation, all such surfaces are of bounded area [9] .
Having isotoped all geometrically incompressible one-sided splitting surfaces to form a sequence of bounded area minimal surfaces, compactness of solutions of the minimal surface equations determines that there exists a convergent subsequence, with possible neck pinching in the limit [1] . However, since the surfaces are geometrically incompressible, only trivial spheres can be pinched off. Hence, after a finite number of surfaces in the subsequence, all remaining surfaces are isotopic to the limit surface. Therefore, there are only finitely many non-isotopic geometrically incompressible surfaces of bounded genus.
Corollary 4.2 There are only finitely many isotopy classes of bounded genus one-sided splittings for a non-Haken hyperbolic 3-manifold up to stabilisation.
